Lattice computations with excited SU (3) representations suggest that the confining gluon-gluon interaction complies with the Casimir scaling. The constituent gluon models have also assumed the Casimir scaling. Nevertheless, inspired by type-II superconductors, we explore a new scenario for the gluongluon interaction where the adjoint string is replaced by a pair of fundamental strings, resulting in a factor of 2, smaller than the Casimir scaling factor of 9/4. To test our proposal we construct a simple constituent gluon model, extrapolated from the funnel potential for quarkonium, and apply it to compute the wavefunction of glueballs and of hybrid gluelumps. From the decay widths of quarkonium, we also extrapolate the decay widths of the glueballs. Our predictions apply to charmonia, lightonia, glueballs and hybrid gluelumps with large angular momentum J .
Introduction
Glueballs are expected from QCD, and indeed they are observed in pure gauge lattice QCD simulations. The first experimental evidence for glueballs is an indirect one, the pomeron Regge trajectory, which explains the high energy scattering of hadrons [1] [2] [3] [4] . Systematic comparisons of the glueball masses computed in lattice QCD with the pomeron trajectory, initiated by Llanes-Estrada et al, confirm that the lattice QCD glueballs comply with the pomeron [4] [5] [6] [7] . Direct experimental evidence for glueballs is still controversial [8] , nevertheless in a few years two major collaborations will update the experimental search for glueballs, PANDA at GSI and GLUEX at JLAB. Different theoretical approaches to glueballs are trying to match the experimental effort. Here we study a new simple and plausible model for glueballs, and apply it to hadrons with maximal angular momentum J . These large J states are particularly interesting because they determine the lower Regge trajectories in Chew-Frautschi plots. They also have simpler wavefunctions, with no radial excitations and with a clearly dominant angular and spin wavefunction, and therefore they may be easier to identify experimentally. The maximal J states are also appealing theoretically because the string length is large and the details of the confining string become relevant. The experimentally confirmed resonances only go up to J = 4 for light mesons and J = 2 for charmonium (see table 1), therefore most of our results are predictions. Hopefully some of these large J hadrons will be observed in the future experiments.
To extend to glueballs the confining string mechanism, we first discuss quark mass generation and quark-antiquark confinement. The quark model describes most of the hadronic phenomenology, simply assuming constituent quarks, a short range coulomb interaction and a long range confining string interaction. This model is depicted in figure 1(a) . Nambu and Jona-Lasinio [9] showed that the massless fermions can have a mass generated by the spontaneous breaking of chiral symmetry, with the Schwinger-Dyson technique, equivalent to a second-quantized canonical transformation [10] [11] [12] . Indeed this has been successfully applied to quark models [10] [11] [12] , suggesting that quark models may comply both with the PCAC theorems and with the success of quark model spectroscopy [13] [14] [15] [16] . Moreover, the quark-antiquark confining string, consisting of a colour-electric flux tube, was suggested by Nielsen and Olesen [17] . Nielsen and Olesen conjectured that the magnetic flux tube vortex of type-II superconductors could be extended to colour-electric flux tube strings in QCD.
Inspired in the constituent string-confined quark model (a), three models for glueballs are plausible. They are respectively depicted in figure 1. In model (b), a constituent gluon pair is confined with an adjoint string, in model (c), a constituent gluon pair is confined with a pair of fundamental strings and in model (d), a closed fundamental string loop is rotating, without any constituent gluon at all. Models (b) [3, 4, [18] [19] [20] , with a pair of constituent gluons confined by an open adjoint string, and (d) [21, 22] , with a closed fundamental string and no constituent gluon, and also hybrid models [23, 24] , have been studied in the literature. The model (c) is explored in this paper.
In this paper we specialize in the proposed model (c), extending the basic constituent quark model, from the quark-antiquark meson, to the gluon-gluon glueball and to the quark-antiquark-gluon hybrid. Because we also study light mesons, our kinetic energy is relativistic. Our specialization in large J states also allows us to avoid the details of spintensor potentials, and we will not compute the spin-tensor potentials for quarks and gluons here.
In section 2 we motivate and discuss the parameters of our model. The scaling of 2, the experimental meson masses, the glueball masses and parameters obtained in lattice QCD and in the Schwinger-Dyson equations, together with the pomeron intercept determine all the parameters of the model. In section 3 we compute the masses (up to 5 GeV, close to the energy limit of the future experiments) and the mean radius of charmonia, lightonia, glueballs and hybrids. We also estimate decay constants in section 4, from the breaking of the fundamental. In section 5 we conclude.
The parameters of this constituent quark and gluon model

Motivating the double fundamental string
An important assumption of models (b) and (c) is the massive constituent gluon. There is evidence for a massive-like dispersion relation for the gluon, with a mass ranging from 700 MeV to 1000 MeV, both from lattice QCD [25] [26] [27] [28] and from Schwinger-Dyson equations [29] . This suggests that the Anderson-Higgs mechanism is providing a consistent framework for the mass generation of gauge bosons. For instance in the Meissner effect of superconductors, the photon has a mass. It is plausible that simple non-relativistic constituent gluon models may indeed describe glueballs.
The next important ingredient is the gluon-gluon interaction. Like in the quark model, the two contributions for the gluon-gluon interaction are the shorter range one-gluon exchange interaction, proportional to a QCD Casimir invariant λ a λ a , and the longer range confining string interaction, proportional to the colour-electromagnetic linear energy density of the string.
Model (b) considers the adjoint string interaction, also known as the Casimir scaling interaction. The adjoint string is a natural extension of the fundamental string assumed in models (a), (c) and (d). It consists of an excited string with a colour-electric flux larger than that of the fundamental string. In the fundamental representation of SU (3), acting in the quark colour triplet, the Lie algebra is represented by the 3 × 3 Gell-Mann fundamental matrices λ a . The product of the fundamental λ a is
where the antisymmetric structure constants f abc are antisymmetric and independent of the representation. The constant tensors 2 3 δ ab and d abc are symmetric and depend on the representation. Another relevant representation is the adjoint representation. In the adjoint representation, acting in the gluon colour octet, the Lie algebra matrices are represented by the 8 × 8 adjoint matrices,
With equation (1), and using the properties of the antisymmetric f abc and of the symmetric d abc we find that the Casimir invariant in the fundamental and adjoint representation are respectively,
and they differ by a factor of 9/4, the Casimir scaling. In lattice QCD, Bali showed that the energy of excited colour-electric flux tubes is proportional to the λ a λ a . In pure-gauge lattice QCD, Debbio et al and Bali [30, 31] , extended the lattice gauge field links from the fundamental representation to several representations of SU (3), and found that the colourcolour interactions comply with the Casimir scaling. They are all proportional to λ · λ, except for smaller than 5% numerical errors. This Casimir scaling is the simplest possible result, and Semay [32] showed that it occurs if the colour-electric flux-tube thickness is essentially the same for all possible quantized fluxes.
Nevertheless two fundamental strings cost less energy than one adjoint string. Therefore we propose here a new model (c) with the same pair of constituent gluons of (b), but with a gluon-gluon potential lower [33] than the Casimir scaling of model (c). The scaling of the present model is 2 < 9/4.
Like the seminal paper of Nielsen and Olesen [17] , model (c) is inspired by type-II superconductors [34, 35] . In type-II superconductors the magnetic flux is allowed to penetrate, and it is localized in vortices, with flux
where the number n quantifies the magnetic flux. Rather than having a single vortex with a high flux, it is energetically favourable to have several elementary vortices, say a square lattice of vortices, each with the minimal flux φ 1 . This occurs because the energy of each vortex is proportional to the square of the magnetic flux. For instance, a vortex with n = 2 does cost the double of the energy of two elementary vortices with n = 1, while both scenarios have the same flux φ 2 = 2φ 1 . Notice also that in type-II superconductors the vortices suffer a repulsive interaction, which prevents them from summing to excited vertices. In type-I superconductors, the opposite scenario occurs. The first excited vortex has an energy smaller than the energy of a pair of elementary vortices. And in type-I superconductors the elementary vortices suffer an attractive interaction, which pulls them to form excited vortices.
In what concerns QCD, it is not clear yet if QCD is like a type-I superconductor, in which case model (b) would be the correct one or if it is like a type-II superconductor, in which case model (c) is the correct one. Importantly, model (c) is not excluded by the lattice QCD computations published so far. The Casimir scaling for the octet-octet interaction Table 2 . Parameters of the constituent model for glueballs, charmonium and gluelumps.
Family was observed in lattice discretizations of QCD where the fundamental links are replaced by adjoint links, 8 × 8 matrices of the adjoint representation of SU (3) . Therefore these lattice computations are not adequate to simulate our model (c) which assumes fundamental strings only. Baker et al [36, 37] , who developed dual QCD, found that dual QCD is close to the frontier between type-I and type-II superconductivity.
Although we do not claim that model (b) is wrong, we submit that model (c) is plausible because it is energetically favourable to have two fundamental strings, with scaling factor of 2, than one adjoint (excited) string, with a scaling factor of 9/4 = 2.25. In the remaining of this paper we explore model (c), where the constituent gluons are confined by a pair of fundamental strings.
Mesons
Our starting point to parametrize the potentials and masses is the funnel potential for charmonium [38] . We upgrade the model with relativistic kinetic energies to apply it to large angular excitations. The parameters of this model include the charm m 1 and anti-charm m 2 identical masses, and a Coulomb potential, a linear potential and a constant potential,
The Coulomb potential − α r can be extracted from the perturbative QCD one-gluon exchange potential and from the non-perturbative Luscher fluctuations of the string [39] . All Coulomb contributions are summed in the parameter α. The linear potential is parametrized by the string tension σ . Both can be extracted from lattice QCD. Moreover the linear potential needs some Coulomb interaction to linearize the Regge trajectory in the Chew-Frautschi plot. A constant C term in the potential is also needed to fit the spectrum. Here the C sums the effect of spin-tensor potentials and of vacuum effects. Moreover, in lattice QCD the constant term in the potential is not determined, and in a sense this constitutes a free parameter of the funnel potential. Here we use the parameters m 1 = m 2 , α, σ and obtained by Lucha and Schöberl [38] to fit the charmonium spectrum. Because our kinetic energy is relativistic, we refit the constant C . Our charmonium parameters are shown in table 2 .
Our next class of hadrons is the lightonia, mesons composed of light quarks. In this case the masses are expected to be slightly larger than the third of the lighter baryon masses (see, for instance, the modelling of baryons by Isgur and Karl [40] ). In what concerns the Coulomb and string tension, they may be slightly different from those of charmonium. The parameters that we used to fit the experimental spectrum are again shown in table 2. While the same charmonium string tension can be used, a larger Coulomb potential is needed to linearize the light meson Regge trajectory, and the constant potential is also slightly refitted. This is consistent with the Fermi-Breit short range Coulomb potential, which increases for light masses.
Glueballs and hybrids
Our next class of hadrons is that of glueballs. The mass of the constituent gluon is determined from the Schwinger-Dyson equation for the gluon propagator, [29] equivalent to the Bogoliubov-Valation mass gap equation [41] for the gluon propagator, and with lattice QCD computations of the gluon propagator [27, 28] . Although the gluon propagator is not gauge invariant, and it is not clear whether gauge symmetry is broken or not, there is evidence for a mass ranging from 700 MeV to 1 GeV in the dispersion relation of the gluon. This scale is also present in the lattice QCD determinations of the first excitation of the quark-antiquark or three-quark potentials [42, 43] . Here we use a mass of 800 MeV, lighter than the mass of a light quark-antiquark pair. In this case the constituent gluon might be relatively stable against the decay to a quark-antiquark pair. Note that, although in non-dynamical models the mass of light constituent quarks is of the order of 300 MeV, in dynamical models, where an attractive funnel potential is used, the constituent quark mass is larger. Here we use a light constituent quark mass of 440 MeV [38] , fitting correctly the meson spectrum. Such a large constituent quark mass may also be compatible with the magnetic moment of the ground state baryons, because the quarks have an anomalous magnetic moment driven by spontaneous breaking of chiral symmetry [44] .
We already discussed in detail the present model (c) of the double fundamental string, and therefore for the string tension of the glueballs we double the string tension σ already used for the quarks.
For the parameter α of the glueball Coulomb potential, a similar factor of 2 can also be used. This can be indirectly verified from the masses of glueballs in lattice QCD. The lattice QCD result for the hyperfine splitting between the masses of the 2 ++ and 0 ++ is of the order of 0.7 GeV. This splitting can be compared to the hyperfine splitting between the 1 −− and 0 −+ mesons, which is of the order of 0.4 GeV for light mesons (once chiral effects are subtracted) and is of the order of 0.1 GeV for charmonium. Using the one-gluon exchange hyperfine splitting potential proportional to
S 1 · S 2 , similar to that derived for mesons [45] , Cornwall and Soni [46] and Kaidalov and Simonov [3] found a hyperfine splitting, between the 2 ++ and 0 ++ glueballs, of the order of 1.0 Gev. Assuming that the hyperfine splitting potential is essentially due to the perturbative one-gluon exchange potential, this suggests that the Coulomb potential should be suppressed by 30%. However, with the scaling factor of 2, rather than the Casimir scaling of 2.25, we already decrease the hyperfine potential by a factor of more than 10%. Moreover these authors used gluon masses of the order of 0.5 to 0.6 GeV. Our gluon masses are larger (because they are estimated in lattice QCD and in SchwingerDyson truncated QCD equations) and this further decreases the hyperfine potential. Thus we expect that a glueball Coulomb potential with twice the same α already used in charmonium is consistent with a correct glueball hyperfine splitting.
To determine the constant potential C, we fit it with the intercept of the glueball trajectory, which is expected to reproduce the pomeron. The equation for the pomeron trajectory in the J, t = M 2 space is [47, 48] ,
α p (t) = 1.08 + 0.25t.
The intercept α p (t) is of the order of 1, and this explains the high energy hadronic cross sections. In particular, we may ignore the small decimal digits .08 because they may be due to double pomeron exchange. The pomeron is also expected to correspond to a series of glueball masses. Therefore our final parameter C is fitted to the intercept α p (0) = 1. Again our glueball parameters are shown in table 2.
In what concerns the hybrids, it is possible that we have a gluelump. The charm and anticharm pair may form a colour octet with a mass of 3.3 GeV, quite larger than the constituent gluon mass. Then the charm-anticharm octet is essentially stopped at the centre of the mass of the hybrid system, with the glueball orbiting it, attached by a double fundamental string. Such a system of a gluon attached to a heavy colour octet is called a gluelump [49] . Theoretically, this is a very interesting object because it is even simpler than a glueball. All the parameters of the gluelump potential are the same of the glueball potential, except for the constant potential C which may be refitted.
The constant potential C is fitted to produce a splitting of 1 GeV between the first gluelump state and the first S = 1 charmonium state. This splitting has been observed in lattice QCD for quenched quark potentials [42] . Since in the gluelump we ignore the motion of the charm and the anticharm, the constant C not only accounts for the spin-tensor interaction, and for vacuum effects, it also accounts for the kinetic and potential energy internal to the cc pair. Again, our gluelump parameters are shown in table 2.
Masses and radii of glueballs, hybrids and quarkonia with large J
We solve the radial Schrödinger equation, with relativistic kinetic energies (9), with a finite difference method, which transforms the differential equation in a simple matrix eigenvalue method. The parameters of our constituent model for glueballs, charmonium and gluelumps are shown in table 2.
The charmonium spectrum and wavefunctions are usually determined solving the nonrelativistic radial Schrödinger equation for two-body systems,
However, we are also interested in high angular excitations, and in lighter quark and gluon constituents, and therefore we upgrade the kinetic energy to the relativistic one. In the centre-of-mass frame this amounts to replacing in equation (8),
Again we can perform the standard angular separation of the Schrödinger equation, where the squared momentum is separated in a simple second derivative and in a centrifugal barrier,
thus the equation remains a radial equation, the spherical harmonics can be factorized. The arguments of the square roots in equation (9) are positive definite and therefore there is no technical difficulty in computing the relativistic kinetic energy (9) . A possible method of finding a function f (M) of a matrix M uses the eigenvalues λ i and eigenvectors,
Thus, once the squared momentum in equation (10) is diagonalized, either with spherical Bessel functions or with finite differences, the relativistic kinetic energy operator of equation (9), a function of the squared momentum, can be computed with the method of equation (11) . Then we finally solve the Schrödinger equation, diagonalizing the Hamiltonian figure 2 for a solution obtained with finite differences). Numerically the relativistic code is only twice as slow as the non-relativistic one, because we perform two diagonalizations. We are particularly interested in large angular momentum states, with maximal S = S 1 + S 2 and with J = L + S. The maximal spin is S = 1 for the lightonium and charmonium. The maximal spin is S = 2 for the glueball and for the gluelump. We do not compute other spin-orbit combinations or the radial excitations, because they belong to daughter trajectories, with larger decay widths, which are harder to identify experimentally.
The possible quantum numbers of the glueball are further constrained, because the gluons are bosons. Since in a colour singlet the colour wavefunction is symmetric, and because we are only considering here the maximal S = 2 which is also symmetric, the angular wavefunction needs also to be symmetric. Therefore the maximal J trajectory starts at J = 2(L = 0) and
In what concerns the gluelump, the spin of the charm and anticharm pair is not expected to affect the gluelump mass significantly. For a maximal S we consider that the cc pair has spin 1 and that the total spin of the ccg system is 2. Then the leading trajectory has
We compute the energies E 0l (up to the first state above 5 GeV) and the corresponding wavefunctions R 0l (r). The energies are displayed in table 3. The four different trajectories, respectively for the charmonium, lightonium, glueball and hybrid, are also displayed in 
In particular, the slope is close to the slope of 0.25 of the soft pomeron model of Donnachie and Landshoff [47] . The model (b) with Casimir scaling would produce the trajectory, j = 1.00 + 0.20t.
For the same gluon masses of 0.8 GeV, model (b) with Casimir scaling would have a smaller slope, smaller than the Donnachie slope by 20% .
Estimating decay widths of mesons and glueballs with large J
We now estimate the decay width of the predicted hadrons, and this includes several hadrons with large J which have not yet been detected. Let us consider for instance the decay of a glueball [50, 51] . We may assume that the decay is initiated when, either a gluon in the colourelectric flux tube, or a 'massive' constituent gluon, is transformed into a quark-antiquark pair with the QCD quark-gluon coupling. Then the glueball is transformed into an excited meson or a hybrid. Because this is not a stable system, it also decays, again with the same quark-antiquark pair creation. Essentially we have a cascade of decays, because the first decay products are unstable systems. This accounts for the final decay product of several pseudoscalar mesons.
Let us consider the decay scenario where string breaking dominates over the direct constituent gluon decay. If the constituent gluon mass is lower than the constituent quarkantiquark mass, such a dominance is possible. Here m g = 0.8 GeV 2m q = 0.88 GeV. While the problem of the constituent gluon decay remains to be solved, here we neglect this effect. Therefore our results for the decay widths are lower bounds on the actual decay width.
In this scenario a string is cut and aqq pair is created. Each quark remains at one end of the open parts of the string. Statistically, it is plausible that the probability of producing aqq pair is proportional to the string length. It occurs that twice the string length in the glueball gg, is close to the string length in thecase, with the same angular momentum. Thus, in the glueball with a double fundamental string, the total string length is similar to the string length of the light meson with the same angular momentum. So the probability of having the breaking of a string is similar in these glueballs with J PC = 2 ++ , 4 ++ , 6 ++ . . . is respectively similar to the probability of having a string breaking in light mesons with
. . . To compute the decay widths, one would still have to evaluate the overlaps with the decay products, and the available phase space. In multiple particle products, it remains difficult, in the present state of the art of glueballs, to study quantitatively the decays. Therefore we will essentially focus into the relation of the string length with the decay width.
For an educated guess it is convenient to study the decays of conventional mesons. The decay widths extracted from the Review of Particle Physics [52] are shown in table 1. The corresponding string lengths can be approximated by the RMS of table 4. To show the dependence of the decay width in the string length, a plot is drawn in figure 4 .
In figure 4 it is clear that the decay width of the light mesons is well fitted by a linear increase with the string length. Fitting the average of the different I = 0, I = 1 and K * lightonium decay widths we get
where γ = 0.05 ± 0.01 GeV 2 and r 0 = 1.4 ± 0.6 GeV −1 . The error in the parameters γ and r 0 are statistical errors. The error = 0.1 GeV includes the details of the decay processes. . The decay widths of the light mesons can also be extrapolated to glueballs. In this case, because the glueball has a double fundamental string, for a similar RMS, the glueball has a string length twice as long. Thus, for glueballs, the input variable RMS of equation (14) must be doubled. For instance, decay widths respectively of 0.14, 0.33 and 0.48 GeV are expected for the first three glueballs of our series, providing the string-breaking decay process is dominant. If the direct decay of constituent gluons turns out to be important, the glueball decay widths are larger. Our predicted widths for lightonia and for glueballs are shown in table 5. Essentially, we predict that the decay widths of both lightonia and glueballs with large angular excitations are of the order of 10% of the respective masses.
However, in what concerns charmonium, the D mesons are quite heavier than the light mesons. The phase space of the charmonium decay products is quite different from the phase space of the lightonium decay products, and we should not apply this simple linear rule, with the same parameters, to the charmonium decays and to the gluelump decays. Moreover, only the 1 −− and 2 ++ charmonium decay widths are known, and this is not sufficient for a precise linear fit of the decay widths.
Conclusion
With a simple constituent model, we predict the masses and mean radius of charmonia, lightonia, glueballs and gluelumps. We also predict the decay widths of lightonia and glueballs. The ingredients are constituent quarks and gluons, and the fundamental SU (3) chromo-electric flux tube.
We compute the spectrum and wavefunctions of hadrons with angular excitations and maximal J . These hadrons with no radial excitations may be easier to identify in the lattice and in the experiments. Because we construct all the hadrons with the same confining strings, we are able to extrapolate the decay widths of mesons to glueballs, in a unified framework. This model can also be applied to three-gluon glueballs [53] and other many-particle systems.
Essentially we expect the angularly excited lightonia and glueballs to have decay widths of the order of 10% of the respective masses. The largest decay width we get, for hadronic masses up to 5 GeV, are of the order of = 0.6 GeV. Note that, because we neglected the direct decay of the constituent gluons, the actual decay widths of glueballs and hybrids may be larger than those predicted here. We nevertheless point out that the decay width = 140 MeV of our 2 ++ glueball is identical to the one predicted by Cotanch and Williams with vector meson dominance [54, 55] , and this suggests that our approximation, of neglecting the direct decay of the constituent gluons, is correct.
However, the large mass of the glueballs and of the other studied hadrons enable final decay products into a large number of mesons. The first decay is expected to result in excited hadrons, and a cascade of decays into lower states is expected to produce several pions in the final state. Because the partial wave analysis may be quite difficult when, say, more than four pions are produced, new efforts in lattice QCD and in the detectors are necessary to identify the quantum numbers of the angular excited mesons, glueballs and hybrids.
